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XLVIL Of Logarithms, by the late William
Jones, Efg; F.R.S. Communicated by
John Robertfon, Lib. R. §.

Read Dec. g, HE following paper on the nature

R and conftru&ion of Logarithms,
was communicated to me many years fince, by that
eminent Mathematician the late William Jones, E{q.
The familiar manner in which he explains their na-
ture, and the great art with which he obtains the
‘modes of computation, not being exceeded, if
equaled, by any writer on this fubje®, may claim a
place in the Philofophical Tranfactions, to be pre-
ferved among the multitude of excellent papers, of
which that moft invaluable work is a fafe repo-
fitory.

Or LoGARITHMS.

1. Any number may be exprefled by fome fingle
power of the fame radical number.

For every number whatever is placed fomewhere
in a fcale of the feveral powers of fome radical num-
ber », whofe indices are m—1, Mm—2, m~— 3, &c.
where not only the numbers 77, y»—1, m~2 &,
are exprefled; but alfo any intermediate number x
is reprefented by », with a proper index z.
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The index z is called the Logarithm of the nums-
ber .

2. Hence, to find the logarithm 2 of any num-
ber x, is only to find what power of the radicak
pumber 7, in that fcale, is equal to the number x ;.
or to find the index % of the power, in the equation
X == r=.

3. The properties of logarithms are the fame witlr
the indices of powers; -that is, the fum or difference
of the logarithms of two numbers, is the logarithm
of the produé or quotient of thofe numbers.

And therefore, 7 times the logarithm of any num-
ber, is the logarithm of the sth power of that number.

4. The relation of any‘vnumber x, and its loga-
fithm = being given; To find the relation of their
leaft fynchronal variation & and z ‘

Put 142 for r, the radical number of any fcale, and

=2

7= 147

Let a=g+1¢'+30 17 &cs f=2

Then fi#=x2 thews the relation required.

For x =r*=1-4-". '

Now, let x and 2 flow fo that x becomes x--x, at
the fame time as 2 fhall become 22,

Then » 4 #=142*+i=TLa¥ X 1 -nl*
=x X 1+2g+iz¢ +120 12 &e.
Therefore x=xzXg9+4i¢"'+19 +3i¢, &c.
mXBA=RZ X }'l. Confequently /& =xz.
5. If
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. If 14-n=r=10, as in the common logarithms
of Bnggs s form,
Then 2 will be found to be 2,302585092994, &c.

And = .+ ©0,43429448190325, &c.
If a= 1=/, thc form will be that of Napier’s lo-
garithms.

6. Let B, B, be the logs of the numbers x, x, in
the form f-_-.:.,

And N, N, the logs of the fame numbers, in the
form ¢——.

Then Bq)v:'Nf; Ba=Nue; BN:NB; Btp:Nf:

For B: N :: (fxf:q:xf—::)f:q::‘:B:N:::;:%::B:N.

If x=10; B=1; a=2,30258, &c.j

or f = 0,43429, &c.; a=¢ = 1.
Then N =Bx = = 2,30238, &c.
X% == 2,30258, &c, X B.

N=8
L
B=Lx

Z ©Z

= 0,43429, &c. x N,

Vor. LXI. Nnn 7. Putting
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7. Putting x = ¢+ v; N...‘~.
Then z=log. of x, or the log. of g+'v, will be
=42 PP PV ke xf

—¢ 20737 44 5¢ 6q°’
=+N— N+ NN N 'N“&c.xfl

For é=L,x-—— »9+'l’ fx""_f q+.v

—+%. .__+._:....___+‘”'4 Y, &c. .
A S T AR S & XJ-

8. In three quantities p, ¢, », increafing by equal
differences, the logarithm of any one of them being
given, the logarithms of the other twa are alio given,
For, let v=¢ —p=r=-g; N._;._.q 2 — - =i,

P, Q, R, the logamhms of p, ¢, r

L L=f=(L,-to=)Qe P=/ X NFIN FINHIN FINL&e.=fV.

FOI‘L "-—-:fX”-—-

§g—v

L LI=(L, 9+”—)R——-Q__fx NN L N—IN' N, &c. =fX.

9+ __
ForL =fx 7+W
1ILLS =2fx V+)s__R-P__2fXN+TNs+ NN — i 7.
N — (2 — ’_'__'___P
VVhtrc I\,_(q .
Or,- I""‘:::I':E;*::R-——P:zfz.

For L, 7"'; 2fx L2 .
9. Heuce,
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9, Hence, in two quantities, » the greater, p the
lefs.

Putting N=""2; A=2/N; B=AN*; C=BN*;

D= CN" &
AndS=A 4 :B4:CI:D, &

Then L, L::S' OrR—P =S.

Or, puttmg N = ’.'_:.’3, A = fN, &c.

“Then L, . 3 = 2S.

Where p = 1; N=1"_
r 41

Then L, » = 8.

Or, in this cafe, putting N:’;E-;::A'; B=AN", &c.

Then L, » — 2 f8S.

Where p=1, and f=1;

Then L, » =S5.

; let A=2fN, &c.

= 2N, &c.

Nnn2 10. In
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10, In three quantities p, ¢, 7, increafing by equal
differences, the logarithms of any two of them being
given, the logamthm of the third is alfo given.

I ForL;q 2fxV—X ==2Q —P R
=2fX N4 IN*} 2 N¢ 4 1 N°, &c. =2fY.

WhercN__r—P
r+p _____
OrL, =L, 1 —sz_a..z(L PFR
Becaufe L, ”__w—-— 2% e

H. Putting N=£=2/— 22

47+Pf gq+7p

A=fN; B=AN? &c.
Then L, #=28=2Q-KFP; Or Q..E:';f=s
For fince fu‘v—-gg—jbr__ 1; putggforr; pr for g.

Then r —p=gq9—pr=ovv=1; r4p=qq-pr.

111, Putting N—- =A,&c.a=1%.

+yr '

And M=gaA +4-6B4-cC4-dD, &c.; £=3RF-P; A=3R-P.
Then Q=12 4+ AM.
foar Qe=P=fV=0a; R—=P=2fZ=2A;
but G =14+ M= -;RL— — ¢ Therefore, &c.
k3

11. Any
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11. Any numbers p, ¢, r, &c. and as many ratios
a, b, ¢, &c. compofed of them, the difference of whofe
terms is 1; as alfo the logarithms A, B, C, &c. of thofe
ratios, being given: To find the logauthms P, Q, R, &c.
of thofe numbers, where the form is 1.

For inftance, if p=2, §=3, r=5,

"=(§-—')3;: » -(',';: 3— se=(3 "‘)
Now, the logs A, B, C, of thefe ratios, 4, 4, ¢, bemg found
the log. of cither 2, 3, §, or of any number compounded
of them, may be found directly, by making each fuccef-
fively equal to a*,b7,c%,
Thus, for the log of 10=2.5.

P 2x 24] 23
Let &V =3 %2 _x_5 _.

x »

23 s 32"

== 3RN2 T3 X 2.3V 5T X 5RR. 3T 28R =2, 8,
Therefore 247 —3x—3z—1 y gax—y—= x p2e—y—1—y,
Confequently 4y— 36— 3g==1=0; 2X—§=—%==0; 2%~)~I=0
Therefore x = 10; J==13; 2=17;
and 2 X 6" x ¢" = (2 X § =) 10.
Therefore 10A 4 13B 4 7C=log. of 10, to the form 1,

2 4
Or, fincea =32 ; 6___2 55 t:._._—S«3
2)

Therefore A—2Q—3P; B __4P—-(L R; C=2R-Q-3P.
Confequently P—=3A +44B--2C=log. of 2
(L 5A4-6B43C=log. of3}to the form 1.
R=7A+49B+4;C=log.of ¢
Therefore P+R:on+13B+7C__log of (2 X §=) 10.
And /P, fQ, fR, are the logarithms of 2, 3, 3, refpec-
tively, in the {cale of logarithms whofe form is £.

Vor. LXI. Nnn 3 XLV, A»




